In this paper we present results of ab-initio calculations for the beryllium dimer with basis set of Slater-type orbitals (STOs). Nonrelativistic interaction energy of the system is determined using the frozen-core full configuration interaction calculations combined with high-level coupled cluster correction for inner-shell effects. Newly developed STOs basis sets, ranging in quality from double to sextuple zeta, are used in these computations. Principles of their construction are discussed and several atomic benchmarks are presented. Relativistic effects of order α 2 are calculated perturbatively by using the Breit-Pauli Hamiltonian and are found to be significant. We also estimate the leading-order QED effects. Influence of the adiabatic correction is found to be negligible. Finally, the interaction energy of the beryllium dimer is determined to be 929.0 ± 1.9 cm −1 , in a very good agreement with the recent experimental value. The results presented here appear to be the most accurate ab-initio calculations for the beryllium dimer available in the literature up to date and probably also one of the most accurate calculations for molecular systems containing more than four electrons.
I. INTRODUCTION
As a first application of the STOs integral code developed using the methods presented in Part I [1] and Part II [2] we performed calculations for the beryllium dimer in its ground 1 Σ + g state. This is a challenging system, both from the theoretical and experimental point of view. From the theory side, it has already been known that in order to reach accurate results very advanced quantum chemistry methods must be used. In fact, probably the first calculations performed for this system by Fraga and Ransil [3] , using the resticted Hartree-Fock (RHF) method, led to the conclusion that the potential energy curve is purely repulsive. Further inclusion of the electron correlation, by using the configuration interaction method (CI) with single and double substitutions (CISD), appeared to confirm this observation [4] . However, more refined calculations with the same method indicated an existence of a weak bond [5, 6] , with the interaction energy of order of several tens of cm −1 and equilibrium distance of ≈ 5Å, which is characteristic for the van der Waals molecules such as Ne 2 . A similar conclusion was found in a study [7] employing the coupled cluster (CC) methods with double (and single) excitations (CCD, CCSD).
However, somehow later Harrison and Handy [8] performed frozen-core full configuration interaction (FCI) calculations and found that the interaction energy is at least several hundreds of cm −1 larger. Even more importantly, they reported the presence of a deep minimum around 2.5Å which was a rather unexpected result at * e-mail: lesiuk@tiger.chem.uw.edu.pl this time. These results indicate that the connected triple (and possibly also quadruple) excitations are responsible for the formation of the bond. Reasons for such slow convergence of the traditional configuration interaction or coupled cluster expansions were analysed in details by Liu et al. [9] . It was shown that the pathological behaviour of this system encountered during studies performed with the single reference methods is mostly due to near-degeneracy of the 2s and 2p orbitals of the beryllium atom. It gives the beryllium dimer a strongly multireference nature. By applying the multireference configuration interaction (MRCI) method, Liu et al. found the interaction energy to be as large as 810 cm −1 and confirmed the existence of the minimum around 2.5Å. These findings were later verified by several independent MRCI studies [10] [11] [12] [13] [14] [15] [16] [17] . Therefore, it is now well established that Be 2 is not a van der Waals molecule.
Since now, a large number of theoretical works entirely devoted to study of the beryllium dimer have been published and a more detailed bibliography is given elsewhere [18, 19] . The interaction energy is typically determined to be within the range of 200-1000 cm −1 and it varies with the level of theory and quality of the basis sets used. However, it appears that in the most recent, and probably the most accurate, studies, the interaction energy fluctuates somewhere around 900 cm −1 . For instance, Martin [20] [24] . Discrepancies between these results are still rather large, though, which indicates that the ground state of the beryllium dimer remains to be a challenge for modern quantum chemistry methods.
From the experimental point of view, the ground state of the beryllium dimer is also a demanding system. First empirical confirmation of the fact that Be 2 is a deeply bound system, as theoretically predicted, was reported in the eighties [25] [26] [27] . The most frequently cited experimental result for the well-depth was given by Bondybey et al., 790 ± 30 cm −1 . This result is not accurate and the true error is much larger than the estimated error bars. However, the discrepancy is not really due to the experimental error but mostly due to theoretical assumptions used to extract the dissociation energy. In fact, in 2006 Spirko [28] combined the experimental data of Bondybey with the best theoretical potential energy curve available at the time and refined the result to 923 cm −1 which is much closer to the recent theoretical findings. In 2009 a new experiment was performed by Merritt et al. [29] and the interaction energy was found to be 929.7 ± 2.0 cm −1 . Additionally, eleven vibrational levels were characterised [30] . Shortly afterwards, Patkowski et al. [31] suggested the existence of the twelfth vibrational level, just 0.44 cm −1 below the dissociation limit, by using the "morphed" theoretical potential energy curves.
It is clear that the ground state of the beryllium dimer is a challenging system, with large requirements for the quality of the basis set and for the theoretical methods. Therefore, it is a good test case for the Slatertype orbitals (STOs) combined with the state-of-the-art quantum chemistry methods. However, calculations with STOs basis sets of quality up to sextuple zeta, aiming at spectroscopic accuracy, have never been performed thus far. In the case of such calculations special attention must be paid to technical issues, such as creation and benchmarking of basis sets, since the strategies adopted in case of Gaussian-type orbitals (GTOs) may not be straightforwardly transferable. In this communication we consider these issues in some detail but restrict ourselves to calculations at the equilibrium internuclear distance, R, equal to 2.4536Å which is the recent experimental value [29] . The whole potential energy curve will be reported later, along with a detailed study of the related spectroscopical issues. This paper is organised as follows. In Section II we describe in details the systematic construction of the STOs basis sets. In Section III we present benchmarks for the beryllium atom which verify the reliability of the developed STOs basis sets. Issues connected with extrapolations towards the complete basis set (CBS) are also investigated. In Section IV we present results for the ground state of the beryllium dimer. We calculate the valence and core correlations effects separately and estimate the corresponding errors. Additionally, we compute the values of the relativistic corrections and estimate the effects of the leading-order QED contributions. Finally, in Section V we conclude the paper and give a short outlook.
II. BASIS SETS
In the case of Gaussian-type orbitals (GTO), the contracted functions are typically used to reproduce the Hartee-Fock energy first. Then, additional uncontracted functions are used to describe the electronic correlation, see the works of Dunning [32] [33] [34] [35] [36] [37] [38] [39] [40] as a representative example. We found that GTO basis sets designed according to this principle somewhat lack flexibility for the l = 0 partial wave, especially in the molecular environment, since the number of uncontracted 1s orbitals is typically small. For ordinary GTO calculations this is not a problem, however, because correlation energy retrieved by l = 0 angular momentum functions is small -at least an order of magnitude below the contribution from l = 1 partial wave. Therefore, this lack of correlation coming from l = 0 functions is visible only for very accurate calculations where the contributions from more important partial waves are already sufficiently saturated. Since we aim at high quality results, we do not use contractions of STOs.
There is also another important choice in the design of STO basis sets which is entirely absent in the case of GTO. For GTO calculations one typically uses only 1s, 2p, 3d etc. functions (with n = l + 1) since molecular integrals with these kind of functions are particularly straightforward. In the case of STO one can use functions with n > l + 1 as well. For instance, in the case of l = 0 orbitals the expansion takes the following form
where the value of ζ i is characteristic for a given atomic shell. The expansion (1) is quite attractive, mainly because of a small number of nonlinear parameters which need to be optimised -only one per atomic shell, and very systematic enlargement towards the completeness through the parameters N i . However, in practice we found that there are numerous problems connected with this expansion in our applications. The biggest drawback is the fact that basis sets constructed according to the principle (1) suffer from near-linear dependencies when N i gets moderate or large. This effectively prohibits the construction of large basis sets close to completeness when the standard double precision arithmetic is used. Another problem is the fact that the expansion (1) is not as flexible as necessary, especially when transferred from atomic to a weakly bound molecular system. As a result, we found that more flexible and wellbehaved basis sets can be obtained when the orbitals are expanded, similarly as for GTO, in a set of functions with n = l + 1 and their respective exponents are varied freely i.e.
This choice, however, brings up the problem of optimisation of a large number of independent parameters ζ ik . In the biggest basis set created in this work a direct use of Eq. (2) would require free optimisation of several tens of the nonlinear parameters. This is possible but very time consuming. Even more daunting problem is the presence of a great number of local minima. There is no guarantee that a brute-force optimisation would have found the true global minimum, even with a decent starting point. This fact puts the reliability of the extrapolation towards the complete basis set (CBS) in question.
Aware of all the aforementioned issues, we adopted the strategy of even-termpering so that the nonlinear parameters for a given angular momentum l are in the following form
Nowadays, even-termpering is routinely applied for construction of GTOs basis sets. However, this technique was originally proposed by Raffenetti and co-workers [47, 48] in the context of STOs. Even-termpering greatly reduces the number of independent parameters which need to be optimised (only two for each partial wave). The first step in the creation of the STOs basis sets is optimisation of the atomic valence basis set. In this step the core 1s orbital of the beryllium atom is kept frozen and CISD method, equivalent to FCI for the valence shell, is used. The optimisation is carried out to minimise the total energy of the two-electron CISD i.e. sum of the Hartree-Fock and CISD correlation energy.
Since the seminal work of Dunning and co-workers [32] [33] [34] [35] [36] [37] [38] [39] [40] it has been known that to allow for a reliable extrapolation towards CBS, basis sets need to be constructed according to the correlation consistency principle. Roughly speaking, it ensures that at a given stage all functions which give approximately the same energy contributions are simultaneously included. Our atomic valence basis sets are denoted ETCC-L which stands for even-tempered correlation consistent and L is the largest angular momentum included. Therefore, ETCC-1 has the composition 6s1p, ETCC-2 -7s2p1d and so forth, and only functions with n = l + 1 are used. The initial number of six 1s functions was found to be optimal. Compositions of all basis sets up to L = 6 are presented in Table I . At some point it becomes unnecessary to include more 1s functions, and thereafter their number was kept fixed. The even-tempered expansion, (3), is used separately for each partial wave.
The second step in construction of the basis set for beryllium is addition of the "tight" functions which are necessary for description of the core-core and core-valence correlations. It is well-known that the core electrons are chemically inert and their contribution to the total energy cancels out to a large extent when interaction energies are computed. This observation is the foundation for the so-called frozen core approximation. However, in accurate calculations the frozen core approximation cannot be applied, especially for an element such as beryllium.
Obviously, valence basis sets cannot describe the corecore and core-valence correlations since polarisation functions with large exponents, characteristic for the core, are absent. We added core polarisation functions to the previously obtained ETCC-L basis sets. Detailed composition of the extended TC-ETCC-L basis sets (where TC stands for "tight core") is given in Table I for each L. In order to optimise the exponents of the core polarisation functions we minimised the difference between the total energies of all-electron CISD and frozen-core CISD for the beryllium atom. Since the number of independent nonlinear parameters was much smaller than for the valence basis sets, even-tempering of the exponents was not necessary and all variables were optimised freely. A minor detail of the optimisation procedure is that the derivative of the target function with respect to the logarithm of the exponent was used as a gradient, rather than the derivative with respect to the exponent itself. This stabilises greatly the numerical performance of the optimisation.
The third, and final, step of the basis sets creation is the addition of the diffuse functions. These functions are not necessary for the atomic calculations since tails of the electron density do not contribute greatly to the total energies of the atom. However, in a molecular environment tails of the electron density are responsible for the act of bonding in weakly interacting systems and accurate reproduction of the potential energy curve. Basis sets augmented with a set of diffuse functions are called A-ETCC-L, or ATC-ETCC-L in the case of the corevalence basis sets. Detailed structure of the augmented basis sets is given in Table I . Exponents of the diffuse functions were optimised to maximise the absolute value of the beryllium dimer interaction energy calculated with A-ETCC-L basis sets at four electron (valence) CCSD(T) level of theory [41] .
Notably, the strategy that the diffuse functions are optimised to maximise the absolute value of the interaction energy makes them formally dependent on the internuclear distance, R. This is, in fact, exactly in line with our intentions. In this work we consider only one value of R, corresponding to the minimum of the potential energy curve, so that there is no ambiguity in how the calculations are carried out. In case when a complete potential energy curve is required, diffuse functions can be optimised for several values of R and then interpolated smoothly. The present approach is inspired by the works of Ko los and co-workers concerning the hydrogen molecule [42] [43] [44] [45] . Basis sets used in these works contained several nonlinear parameters which were handled similarly as described above and no significant difficulties were reported.
All optimisations necessary to construct the basis sets were carried out by using pseudo Newton-Rhapson method with the BFGS update of the approximate Hessian matrix [49] . Our own code, written especially for this purpose, was used throughout. This program is interfaced with the Gamess package [50, 51] which carries out the electronic structure calculations. Gradient with respect to nonlinear parameters was calculated numerically with the two-point finite difference formula. Close to a minimum, where more accurate values of the gradient are necessary, the four-point finite difference formula was applied. Optimisation was stopped when the energy differences between two consecutive iterations fell below 1 nH and the largest element of the gradient below 10 µH, simultaneously. Typically, several tens of iterations were necessary to converge to a minimum in the biggest calculations. To avoid the exponent values of two functions to collapse, which occasionally happened, a Gaussian-type penalty function was applied routinely. STOs constitute a convenient basis set for calculation of the relativistic corrections because of the cusp at the origin. Nonetheless, it is obvious that standard STO basis sets used in calculation of the Born-Oppenheimer potential may not be fully satisfactory. To overcome this problem we modified our ATC-ETCC-L basis sets by replacing all 1s orbitals by a new set, common for each L. The latter consists of fifteen functions and was trained to minimise the Hartree-Fock energy of the beryllium atom. The value obtained, −14.5730231385, differs at 10th significant digit from the best estimate available in the literature, −14.573023168305 [52] . The S-extended basis sets are abbreviated shortly ATC-ETCC-L+S.
Composition of the STO basis sets along with detailed values of the exponents and quantum numbers are given in the Supplementary Material [53] .
III. ATOMIC BENCHMARKS A. Nonrelativistic energy
The beryllium atom is a convenient system for benchmarking purposes because accurate reference values of the total energies and relativistic corrections are available in the literature. Therefore, before the calculations on the diatomic system are given, it is useful to check the adequacy of the strategy and the performance of our basis sets in the atomic case. We calculated the full configuration interaction (FCI) energies of the beryllium atom by using ATC-ETCC-L basis sets with L = 2,...6. Newly developed, general FCI program Hector [54] , written by one of us (M.P.), was used for this purpose. The starting Hartree-Fock orbitals were taken from the Gamess program package, interfaced with our STO integral code.
In Table II we present the FCI results for the beryllium atom. It is important for further developments to extrapolate these results towards the complete basis set. Many extrapolation methods were suggested in the literature [55] [56] [57] [58] , but the following formula was found to be particularly reliable for estimation of the CBS limit of the correlation energy
where L is the largest angular momentum present in the basis set. The Hartree-Fock results were not extrapolated but simply the value in the biggest basis set was taken.
Extrapolation of the results given in Table II leads to the result −14.667345 for the total energy of the beryllium atom. This can be compared with the reference value, obtained by Pachucki and Komasa [59] by using explicitly correlated four-electron basis set, −14.667356, and the error is equal to 11µH. Remarkably, the extrapolation reduces the error by an order of magnitude, compared with the largest basis set available. In fact, we found that an essential feature of STOs basis sets is that they provide very reliable extrapolation towards the CBS limit, as compared with GTOs basis sets of a similar quality. The leading relativistic corrections (the second order in the fine structure constant, α) to the energy of light systems can be computed perturbatively as an expectation value of the Breit-Pauli Hamiltonian [60] . For a molecule in a singlet state this correction is [61, 62] 
where Ô = Ψ|Ô|Ψ . The consecutive terms in the above expression are the mass-velocity P 4 , one-electron Darwin D 1 , two-electron Darwin D 2 , and Breit B corrections, respectively. We assume that the value of the fine structure constant, α, is 1/137.0359997, as recommended by CODATA [63] . Let us consider the values of the one-electron relativistic corrections, P 4 and D 1 . They can easily be obtained within the STOs framework, since the corresponding one-electron integrals are fairly straightforward to compute. Integrals including the one-electron Dirac delta distribution reduce to the values of STOs at a given point of space which is elementary. Integrals including ∇ 4 operator reduce to combinations of the ordinary overlap integrals over STOs. General subroutines for calculation of the aforementioned integrals are now a part of our STOs integral package. Note, that P 4 and D 1 corrections (called also collectively the Cowan-Griffin contribution [64] ) are very sensitive to the quality of the wavefunction in the vicinity of the nuclei. Therefore, their evaluation by using the STOs basis set is supposed to be particularly advantageous.
In Table III we present values of the one-electron relativistc corrections, calculated with S-extended STOs basis sets. The results are compared with the values reported recently [59] which are considered "exact" in the present context. Remarkably, in the biggest basis set, ATC-ETCC-6+S, the relative error of our values compared with the accurate ones is only ≈0.03% and ≈0.003% for P 4 and D 1 , respectively. Moreover, even in the smallest basis set, ATC-ETCC-2+S, these errors increase to only about 0.1% and 0.005%. We found that it is impossible to reach a similar level of accuracy with the available (decontracted) GTOs basis sets, and typically the resulting error is (at least) an order of magnitude larger.
It is also interesting to perform extrapolations of the values of one-electron relativistic corrections towards CBS. We found empirically that the following formulae provide the best fit
Results of the extrapolations from L = 3,4,5,6 are presented in Table III . The extrapolation reduces the error of the mass-velocity correction to 0.02%, but increases it insignificantly for the one-electron Darwin correction.
IV. BERYLLIUM DIMER A. Four-electron (valence) contribution
From earlier studies of the beryllium dimer, it is wellknown that a major contribution to the interaction energy comes from the correlations between valence electrons. Freezing both 1s 2 atomic orbitals makes the dimer effectively a four-electron system which can be successfully treated with FCI method in large basis sets. We performed the frozen-core FCI calculations in basis sets A-ETCC-L with L = 2,...,6. The Abelian group, D 2h , was used in computations. We believe these are the biggest valence FCI calculations ever performed for this system in terms of the number of configurations included in construction of the Hamiltonian matrix. The results of the calculations are included in Table IV . In all cases the counterpoise correction (CP) for the basis set superposition error (BSSE) was applied [69] . It is clear, that the results are slowly convergent also with respect to the quality of the basis set. This is probably due to the fact that bonding significantly perturbs the atomic densities. The increment of the interaction energy between L = 5 and L = 6 basis sets is as large as 11.9 cm −1 , suggesting that the CBS value is still significantly below the L = 6 value. Because of this observation it is necessary to perform some kind of extrapolation towards the CBS. The correlation energy alone was the subject of the extrapolation, separately for the atom and for the dimer. We used the formula (4) which was previously used successfully for the atomic calculations. We also observe that in the largest basis set, the Hartree-Fock (HF) results are already converged at least to eight significant digits. It is therefore unnecessary to extrapolate the HF results and simply the value obtained in L=6 basis was taken as the CBS result.
Note, that the CBS increment found in the extrapolation of the correlation energy is quite substantial, and crucial for the final results. It amounts to as much as nearly 20 cm −1 in the interaction energy. Thus, it is necessary to additionally verify the reliability of the extrapolation. To do so, we first performed the extrapolation from L = 2,3,4,5 basis sets in order to estimate the L = 6 value. The extrapolated L = 6 value gives the interaction energy equal to 847.4 cm −1 whereas the corresponding true calculated result is 845.7 cm −1 . The difference, amounting to 1.7 cm −1 , is assumed to be also the error of the CBS extrapolation from L = 2,3,4,5,6. Quality of the extrapolation for the dimer is illustrated at Figure 1 . A quite similar excellent fit was obtained for the atomic calculations. Finally, our best estimate for the valence contribution to the interaction energy is 864.9 ± 1.7 cm −1 . Note, that this error estimation is a conservative one because extrapolation from a larger number of points can be expected to be more reliable. Additionally, the increment in the interaction energy between L = 4 and L = 5 basis set is significantly larger than between L = 5 and L = 6 or between L = 6 and the estimated CBS. Therefore, it is possible that our extrapolated result is more accurate then we assume here.
Our final result, namely 864.9 ± 1.7 cm −1 , is in line with recent findings of other authors. Patkowski et al. [19] found 857 ± 12 cm −1 , if we follow their method of error estimation, and Martin [20] gives 872 ± 15 cm −1 . Present result lies well within the error bounds obtained in these works. A slight discrepancy is found between our result and the value recently reported by Evangelisti and co-workers [70] ror estimation. We believe that this result is inaccurate, mainly because lack of the diffuse functions in their GTO basis set. Notably, our error bounds, which are conservative anyway, are an order of magnitude smaller than those obtained in the aforementioned works.
B. Core-core and core-valence contribution
The second step in our calculations is a reliable determination of the core-core and core-valence contribution to the interaction energy. This task, however, is far from being trivial. A brief inspection of values available in the literature reveals that estimations from 65 cm −1 [70] to as large as 89 cm −1 [18] were obtained. Because of the fulfilment of the nuclear cusp condition, the STOs basis used in the present work can be expected to be more suitable for the description of core region than the GTOs used thus far.
Our preliminary study suggests that the CCSDT model is a particularly good method for the estimation of the inner-shell contribution. The effect of connected quadruple excitations was found to be very small in this case. In fact, the effect of quadruples can be highly overestimated in small basis sets but quickly diminishes when the basis set is enlarged. We found this particular behaviour in virtually any approximate quadruples method that was available to us. Therefore, we can conclude that CCSDT method in the CBS limit would probably give the core-core and core-valence contribution accurate to within few parts in cm −1 . A similar observation was also made implicitly by Martin [20] .
Unfortunately, we are able to perform all-electron CCSDT calculation only in ATC-ETCC-L basis sets with L = 2,3,4. The results are 31.5 cm −1 , 56.7 cm −1 and 63.9 cm −1 , respectively. CBS extrapolation from these values can be performed by using the formula (4), giving 69.6 cm −1 . However, this three-point extrapolation is not particularly trustworthy since CBS increment is rather large and no reliable error estimation can be given. Thus, we must seek some approximate method, with smaller computational costs, giving results comparable to CCSDT in the CBS limit.
In Table V we show inner-shell contributions to the interaction energy computed at various levels of theory. CCSD, CCSD(T) and MP2 calculations were performed with Gamess package while CCSDT and MP4 energies were evaluated with help of the AcesII program [71] . All values in this table were obtained by subtracting the interaction energy obtained with the frozen core approximation from the corresponding all-electron values. Let us compare the results of MP4 and CCSD(T) with the complete CCSDT model. One sees that MP4 method slightly underestimates the inner-shell contribution compared to CCSDT while CCSD(T) model overestimates it significantly, especially in smaller basis sets. Note additionally, that MP4 and CCSD(T) results strictly bracket the CCSDT values, as illustrated at Figure 2 . If we assume that this behaviour holds further then the CBS limit of the CCSDT method should lie between the corresponding limits of MP4 and CCSD(T). Fortunately, the CBS limit is 68.4 cm −1 and 69.5 cm −1 for MP4 and CCSD(T), respectively. The exact result probably lies between these values so as the final result we take the average of the two and estimate the error as a half of the difference between them. This gives the final value of the core-core and core-valence contributions to the interaction energy equal to 69.0 ± 0.6 cm −1 . The small effect of the connected quadruples contribution is probably already incorporated in the error estimation. [19] reports as much as 85 ± 5 cm −1 . We believe that these discrepancies are mainly due to defects in the GTOs basis sets used by authors. In fact, when GTOs basis sets are not designed very carefully in the core region, the inner-shell correlation effects can be significantly overestimated. Naturally, STOs are much more appropriate in this respect which is one of their noteworthy advantages.
C. Relativistic, QED and adiabatic corrections
One-electron relativistic corrections were evaluated by using the S-extended basis sets, described in Section II. The results are presented in Table VI . Calculations of the one-electron expectation values, at the all-electron Extrapolations are carried out by using the empirical formula (10) for both D 1 and P 4 . Our strategy for evaluation of the contribution to the interaction energy from the Cowan-Griffin approximation [64] is as follows. We use the valence FCI values corrected for the corecore and core-valence effects, as a difference between allelectron and frozen-core CCSD results. It was found previously that CCSD method behaves reasonably for the inner-shell correlations (see Table V ) and this accuracy is sufficient for the present purposes. In Table  VII we present contributions to the interaction energy from D 1 and P 4 corrections, calculated at this level of theory. The core-core and core-valence CCSD effect is estimated to be −0.4 cm −1 , while the pure valence FCI contribution is −4.4 cm −1 . By summing both corrections we obtain −4.8 ± 0.2 cm −1 for the final contribution to the interaction energy coming from the one-electron relativistic corrections. The error is simply taken as the (rounded up) value of the corresponding CBS increment. The obtained value is in a moderate agreement with the values given by Patkowski et al. [19] , −4.1 cm −1 , Martin [20] , −4.0 cm −1 , and Gdanitz [21] , −5.2 cm −1 . However, as far as we can tell, these values are not extrapolated and the authors report no respective error bars of their result. We believe that our final values are much more accurate due to the fact that STOs basis sets were used throughout.
Let us now focus on the two-electron relativistic corrections -two-electron Darwin, D 2 , and Breit, B , contributions. Evaluation of the latter correction within the STOs basis set is not feasible at present. This is mostly due to the fact the matrix elements of the Breit term, Eq. (5), are extremely difficult to compute with the exponential functions. As far as we know, the only accurate molecular calculations of the Breit term within the exponential basis set were performed by Ko los and Wolniewicz [44, 46] for various electronic states of H 2 .
Because of these difficulties, we calculated D 2 and B in GTOs basis sets. It will be shown that contributions of the two-electron relativistic corrections are small and GTOs basis sets are sufficient to meet the prescribed accuracy requirements. For calculations of the two-electron relativistic corrections we used modified aug-cc-pCVXZ series of GTOs basis sets [32] [33] [34] [35] [36] [37] [38] [39] [40] . To improve the quality of the wavefunction the standard set of 1s GTOs orbitals was replaced by a new one comprising 23 1s functions. This set was obtained by minimising the Hartree-Fock energy of the beryllium atom. Apart from that, the original 1s diffuse functions from the initial aug-cc-pCVXZ basis sets were kept. We also decontracted the 2p polarisation functions and removed the redundant orbitals. Higher angular momentum shells were neither modified nor decontracted.
Dalton program package [72] was used for CCSD(T) calculations and our own program for the valence FCI calculations. In Table VIII we show contributions of D 2 and B to the interaction energy computed at three different levels of theory -all-electron and frozen-core CCSD(T), and frozen-core FCI. It is not necessary to perform CBS extrapolations since the contributions to the interaction energy are converged to about 0.01−0.02 cm −1 already in the biggest basis set. We take the frozencore FCI contribution as our result and additionally correct it for the inner-shell effects as a difference between the all-electron and frozen-core CCSD(T) values. In this way, we obtain the contribution to the interaction energy from the two-electron relativistic correction equal to −0.5 cm −1 . The error can be estimated to be much below 0.1 cm −1 by observing the convergence pattern in the available basis sets. Unfortunately, we are not aware of any available literature values that we could compare with.
By summing the computed one-and two-electron relativistic contributions, we find that α 2 effects decrease the interaction energy by 5.3 ± 0.2 cm −1 . This contribution is quite sizable and definitely needs to be included to obtain a spectroscopically accurate potential energy curve for the beryllium dimer.
Let us now pass to the leading-order QED contribution. Theoretically, this effect should be by a factor α smaller than the Breit-Pauli contribution and thus entirely negligible within the present accuracy requirements. However, it turns out that among the relativistic contributions to the interaction energy there is a significant cancellation between P 4 and D 1 terms, so that the result is order of magnitude smaller than the net values of separate terms. Therefore, the leading QED corrections may still contribute to the interaction energy significantly. In fact, this situation was previously encountered in calculations for the dihydrogen [73] and the helium dimer [74] . This suggests that whenever the α 2 relativistic corrections are included in accurate calculations for light systems, the leading-order QED contributions should also be at least estimated.
The leading QED correction (of the order α 3 and α 3 ln α) to the electronic energy of a molecular singlet state takes the form [75, 76] 
where ln k 0 is the so-called Bethe logarithm [60, 77] , D 1 and D 2 are the values of the one-and two-electron Darwin corrections (including the factor of α 2 ). The term H AS is the Araki-Sucher contribution, given by the following expectation value
andP r
−3 ij
denotes the regularised r
where γ E is the Euler-Mascheroni constant. It is well know that computation of the Bethe logarithm and Araki-Sucher terms is extremely difficult and has never been attempted for any molecular system apart from the dihydrogen [73] and the helium dimer [74] . Therefore, we have to adopt some approximate strategy for determination of E (3) . Fortunately, except at very large R, the Araki-Sucher term is small compared to the overall leading-order QED correction and thus can be neglected. The Bethe logarithm, on the other hand, was found to vary insignificantly as the function of R, when R is moderate (or large), for the helium dimer and dihydrogen. Therefore, the asymptotic (atomic) value of the Bethe logarithm can be adopted.
A very accurate value of ln k 0 for the beryllium atom has been given recently by Pachucki and Komasa [59] , ln k 0 = 5.75034. We use the extrapolated values of D 1 and D 2 , equal to 0.023613, 0.000522 for the dimer, and 0.011836, 0.000262 for the monomer, respectively. With these assumptions, contribution of the lowest-order QED effects to the interaction energy of the beryllium dimer is calculated to be 0.37 cm −1 . This value is an order of magnitude smaller than the relativistic corrections, as expected. However, their omission would significantly increase the total error of our theoretical predictions. It is difficult to estimate strictly what is the effect of the adopted approximations on the value of QED contribution to the interaction energy. For the dihydrogen molecule, exactly the same approximations introduce an error slightly less than 10%, basing on the results presented in Ref. [73] . Therefore, we can assume very conservatively that error of the present calculations is at most 20%. This finally gives us estimation of the leadingorder QED contribution to the interaction energy equal to 0.4 ± 0.1 cm −1 . We also check the next higher-order QED contribution. It is well known from the calculations on the helium atom [78, 79] , that the α 4 effects are dominated by the one-loop term [80] given by
in the case of the beryllium atom (or dimer). The above quantity is a scaled one-electron Darwin correction and thus can be easily computed. We found that the contribution to the interaction energy of the one-loop term to be approximately 0.017 cm −1 , which is well below 0.1 cm −1 . Therefore, as anticipated, the higher-order QED contributions can safely be neglected within the present accuracy requirements. This additionally gives a verification that the QED perturbative series converges rapidly for the beryllium dimer.
The remaining missing part of the theory that has to be investigated is the finite nuclear mass i.e. the adiabatic correction. We calculated this correction with help of the Cfour [81] and mrcc [82, 83] program packages at both all-electron and frozen-core CCSD and CCSDT levels of theory [84] . GTOs basis set which were previously used for computation of the two-electron relativistic corrections were utilised. In all cases we found that the contribution to the interaction energy from the adiabatic correction was significantly below 0.1 cm −1 . In fact, the net values of the adiabatic correction for both atom and dimer were large, but they cancelled out almost to zero. This is probably due to the fact that the adiabatic correction contribution to the interaction energy as a function of the internuclear distance, R, crossed zero near the value of R adopted by us (close to the minimum). A similar situation was found in the case of the helium dimer [74] . Our observation is additionally verified by calculations of Koput [23] who found that contribution of the adiabatic correction to the interaction energy varies by only 2 cm −1 along the whole potential energy curve. As a result, we assume that the contribution to the interaction energy coming from the adiabatic effects is equal to zero. We estimate that the error of this result is at most 0.1 cm −1 .
D. Total interaction energy
All contributions to the interaction energy of the beryllium dimer computed in this work are listed in Table IX . By summing all contributions we obtain the value 929.0 cm −1 which is the main result of our study. The overall error of the calculations is estimated by summing squares of all fractional errors (1.7, 0.6, 0.2, 0.1, 0.1 cm −1 ) and taking the square root, which gives 1.9 cm −1 (rounded up) or 0.2%. The total result, 929.0 ± 1.9 cm −1 , is in a very good agreement with the latest experimental value, 929.7 ± 2.0 cm −1 , reported by Merritt et al. [29] . In fact, the present result lies within the error bars of the empirical value and vice versa.
Let us also comment on the timings of the present calculations. It is true that any gain connected with the use of STOs can easily diminish if computation of the STOs two-electron integral files becomes overwhelmingly time consuming, up to a point when it is more expensive than evaluation of the molecular energy. There is such a risk, because STOs integral algorithms are inherently more complicated and demanding than their GTOs counterparts. In fact, we found that calculation of the STOs integrals is one or two orders of magnitude more expensive than in the case of GTOs, with the same size of the basis set. This sounds daunting but the actual situation is more complex. For instance, in the largest basis sets used in this work, the calculation of the GTOs twoelectron integrals is a matter of several minutes while in STOs it takes up to few hours. However, full CI or high-level CC calculations typically take several days to converge. Therefore, calculation of the integral files constitutes a small fraction of the total timing and does not pose any practical bottleneck. This is clearly a consequence of relatively low scaling (N 4 ) of the calculations of the integral files, as compared with high-level CC of FCI methods.
It is also worthy to compare our results with the latest theoretical values predicted by other authors. In Table  X we collected most of the theoretical results published in the late 90' and since then. An extensive bibliography of calculations published prior to this date can be found in Refs. [18] and [19] . Probably the most reliable calculations given thus far for the beryllium dimer are those of Patkowski et al. [19] , giving 938 ± 15 cm −1 , and Koput [23] , 935 ± 10 cm −1 . Our result is slightly lower but it lies within the error bars estimated by authors. Remarkably, the error predicted by us is by an order of magnitude smaller than in the previous works, despite our estimations were rather conservative. Therefore, it seems that the theoretical values published thus far converge towards a value around 930 cm −1 , very close to the recent experimental result. Apart from that, it is worthy to quote three semiempirical results obtained by "morphing" the theoretical potential energy curve in order to reproduce the experimentally measured vibrational levels [31] . These values are 933.0, 933.2 and 934.6 cm −1 . It is difficult to estimate the error of these values but we feel that these semiempirical results are also consistent with our final value, 929.0 ± 1.9 cm −1 .
V. CONCLUSIONS AND OUTLOOK
We have obtained a reliable value of the interaction energy for the beryllium dimer by using STOs basis sets combined with high-level quantum chemistry methods. The total error estimated by us, 1.9 cm −1 , is by an order of magnitude smaller than in the previous theoretical works. The most striking advantages of STOs, as compared with GTOs, are the reliability in estimation of the core-core and core-valence correlation effects, very solid quality of extrapolations towards CBS, and improved performance in calculation of the one-electron relativistic effects. It is clear that all of these features are essential for a spectroscopically accurate determination of the potential energy curves for diatomic systems. We have not found a situation when STOs perform worse than GTOs basis sets of the same size, at least among those available to us. Despite the fact that the evaluation of the two-electron integrals in STOs basis is much more computationally intensive than in the case of GTOs, we have never found it to be a practical bottleneck.
It is also worthy to consider the direction of further advancements which can be taken. Let us recall the fact, that the ground state of the beryllium dimer is a very pathological and difficult system e.g. the triple excitations are responsible for the bonding effects. In many different spectroscopically interesting diatomic systems the situation is not that difficult and the doubly excited determinants give the dominant contribution to the interaction energy. In such situations the explicitly correlated calculations [86, 87] are an option, allowing for a much better saturation at the MP2, CCD or CCSD levels of theory. The F12 theory of explicitly correlated calculations is now well established [88] but to apply STOs in such computations several issues of both technical and theoretical nature need to be resolved. For instance, for GTOs calculations the exponential correlation factor of Ten-no [89, 90] is nowadays routinely used. In the case of STOs basis sets this choice is not feasible at present, due to an extremely complicated theory of evaluation of the resulting molecular two-electron integrals [91, 92] . Therefore, a different correlation factor has to be adapted. Other problems such as quality and design of the auxiliary basis sets [93, 94] for the resolution of identity approximation also need to be addressed. Nonetheless, the work on combining STOs basis sets with explicitly correlated theories is in progress in our laboratory.
Let us suppose that the accuracy of calculation of the Born-Oppenheimer potential energy curves can be further improved by an order of magnitude, say, due to use of the explicitly correlated methods and other theoretical advancements. The dominant error would then come from inaccuracies in calculation of the relativistic effects, especially for heavier systems. If a perturbation theory, using the Breit-Pauli Hamiltonian, can be still applied then it is natural that two-electron relativistic effects should be calculated within the STOs basis sets. Therefore, sooner or later we shall face the problem of evalu-ation of the matrix elements of the orbit-orbit and spinorbit operators with the exponential functions. For heavy atoms, where the perturbation theory breaks down, different approaches need to be considered such as DouglasKroll-Hess transformations [95] [96] [97] [98] or use of effective core potentials [99, 100] . Neither of the above methods can straightforwardly be combined with the STOs basis sets. Nonetheless, our preliminary studies showed that extensions in these directions are feasible.
We can conclude by noting that the present series of papers opens up a possibility for a significant increase of accuracy which can be routinely reached for the diatomic systems with ab-initio methods.
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